RELATING THE MINIMAL ANNULUS WITH THE CIRCUMRADIUS
OF A CONVEX SET

M. A. HERNANDEZ CIFRE AND P. J. HERRERO PINEYRO

ABSTRACT. In this paper we relate the minimal annulus of a planar convex body K
with its circumradius, obtaining all the upper and lower bounds, in terms of these
quantities, for some of the classic geometric measures associated with the set: the
diameter, the minimal width and the inradius. We prove the optimal inequalities for
each one of those problems, determining also its corresponding extremal sets.

1. INTRODUCTION

Let K C R? be a convex body (compact convex set). Associated with K there are a
number of well-known functionals: the area A = A(K) and the perimeter p = p(K); the
diameter D = D(K) and the minimal width w = w(K) (minimum distance between two
parallel support lines of K); among all discs containing K there is exactly one (circum-
circle) with minimum radius, the circumradius R of K; among all discs contained in K,
those whose radii have maximum value (incircles) provide the inradius r,, of K.

Another interesting functional to be considered for a convex body K is the thickness of
its minimal annulus. The minimal annulus of K is the annulus (the closed set consisting
of the points lying between two concentric discs —concentric n-balls in R™) with minimum
difference of radii that contains the boundary of K. Of course, the minimal annulus
is uniquely determined (Bonnesen [2] in R?, Kritikos [8] in R?® and Barany [1] in higher
dimension). From now on, we shall denote by A(c,r, R) the minimal annulus of the planar
convex body K, where ¢, r and R represent, respectively, its center, radius of the inner
circle, and radius of the outer circle. This object and its properties were studied mainly
by Bonnesen for planar convex sets (see [2] and [3]). More recently, very interesting works
have appeared, in which, the minimal annulus has been studied in a more general setting:
for arbitrary dimension, replacing the ball by the boundary of a fixed smooth strictly
convex body, in Minkowski space... (see, for instance, [1, 9, 10, 11, 12, 15]).

Another interesting problem would be to look for inequalities involving the classical
functionals and the minimal annulus, finding the convex sets for which the equality sign
is attained: the extremal sets. In [2], [5] and [4], Bonnesen and Favard studied this type
of problems: in [2] and [5] the minimum and the maximum of the isoperimetric deficit
p?/(47) — A, for given minimal annulus were obtained; in the third paper, the optimal
bounds of the area and the perimeter for fixed minimal annulus were determined.
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In [6], the bounds for the remaining measures (diameter, minimal width, circumradius
and inradius) in terms of the minimal annulus have been obtained. In [7], the problem
of optimizing the classical magnitudes when the minimal annulus and the inradius are
fixed is solved: let us note that if three measures are involved, the question becomes more
interesting when the inequality, named optimal, provides the maximum or minimum value
of a measure for each pair of possible values of the others.

In this paper, we obtain all the possible (and optimal) relations which state the max-
imum and minimum values of the diameter, the minimal width and the inradius of a
convex body, when its minimal annulus and its circumradius are given. We prove the
optimal inequalities for each one of these problems, determining also their corresponding
extremal sets. The inequalities that state the best bounds of the area and the perimeter
for fixed minimal annulus and circumradius were obtained in [6]. So, the results proved
here close the problem: all the possible cases involving minimal annulus, circumradius
and inradius are solved.

2. SOME PREVIOUS RESULTS

Before stating the main results of the paper, let us consider some properties of the
minimal annulus of a convex body K, which will play a crucial role in the proofs of the
results. Let us denote by ¢, and Cg, respectively, the inner and the outer circles of the
minimal annulus A(c,r, R) of K. As usual, 9K will denote the boundary of the set K.
Given two points P,Q € R2?, PQ will denote the straight line determined by them; PQ
the line segment joining them; and ’]@ any circular arc with P,@Q as extreme points.
Besides, if P, @ lie on a circumference (with center ¢), we call central angle of P and Q
the angle Z(PcQ) determined by them with respect to the center c.

The following well-known properties were studied by Bonnesen in [2]:

(P1) Each one of the circumferences dc¢, and OCr touches the boundary of K in, at
least, two points.
(P2) The sets e, NOK and OCr N IK can not be separated.
(Two sets A and B can be separated if there exists a line ¢ such that A C ¢* and
B C ¢, where T, £~ represent the halfplanes determined by /).
(P3) The minimal annulus of a convexr body K is uniquely determined.
(P4) The minimal annulus of a convex body K is the only annulus that contains OK
and verifies properties (P1) and (P2).
The following lemmas were obtained in [6], where we proved some properties of the
minimal annulus of a convex body K, as well as its relation with the circumradius of K.
They will be very useful in the proofs of the results.

Lemma 1. Let K be a conver body with minimal annulus A(c,r, R). The following
properties hold:

(a) There are points P,Q € OCrNOK whose central angle o verifies a > 2 arccos(r/R).

FI1GURE 1. The limit case when the central angle of the
points P,Q € 0Cr N IK is o = 2arccos(r/R).
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(b) K contains a cap-body: the convex hull of ¢, and two points of 0Cr N IK, whose
minimal annulus is A(c,r, R) (a cap-body is the convex hull of a disc and countable
many points such that the segment joining any pair of them intersects the disc).

(¢) K is contained in a circular slice of Cr determined by two support lines to ¢,
whose minimal annulus is A(c,r, R) (a circular slice is the part of a circle bounded
by two straight lines, whose intersection point, if it exists, is not interior to it).

The following lemma collects some properties relating the minimal annulus of a convex
body with its circumradius. From now on, we shall denote by Ck the circumcircle of the
body K, and by x its circumcenter.

Lemma 2. Let K be a conver body with minimal annulus A(c,r, R), circumcircle Ck
and circumradius Ry . The following properties hold:
(i) Rx <R.
(ii) ¢, ¢ K C CrNCk.
(iii) Either Cr = Ck, or 0Ck NOCR has exactly two points, denoted by A and B.
(iv) If Cx # Cg, then the points {A, B} = O0Ck N ICR determine a central angle a
such that a > 2 arccos(r/R).
(v) The circular arc AB C 0Cx C Cg can not be smaller than a semi-circumference.
(vi) The tangent line to c,., which is parallel and closer to the segment AB, intersects
OCg in two points A’, B', such that there exists, at least, one point P € 0K NOCR
lying on one of the arcs ﬂ, BB, Without loss of generality, let us suppose that
PeAA. Then, there exists another point Q # P lying on the arc @, such that
the central angle determined by P and Q verifies a > 2 arccos(r/R), see Figure 2.

FIGURE 2. There are, at least, two points P,Q € 0K NICkg.

(vii) K contains the 2-cap-body K¢ = conv{c,, P,Q}, with P,Q obtained from (vi).
(viil) The 2-cap-body K€ of the above property (vii) determines on the boundary of c,
two circular arcs, each one having, at least, one point of 0K .
(ix) K is contained in the intersection of Cx with the circular slice of Cr determined
by the support lines to ¢, through the points of 0K N dc, given by property (viii).

From now on, we will follow the notation of the above Lemma 2: A, B will denote the
intersection points of dCk and OCR; besides, we will denote by A’ and B’ the intersection
points of 0Cgr with the parallel line to AB which is tangent to dc, (see Figure 2).

In the following sections, we are going to obtain all the possible (and optimal) relations
which state the maximum and minimum values of the diameter, the minimal width and
the inradius of a convex body, when its minimal annulus and its circumradius are given.
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3. OPTIMIZING THE DIAMETER

In this section we state the relation between the minimal annulus, the circumradius
and the diameter of a convex body. More precisely, we obtain the best (upper and lower)
bounds for D, when the minimal annulus and the circumradius of the convex body are
fixed, determining also the extremal sets in each case. We start with the upper bounds.

Theorem 1. Let K be a convexr body with minimal annulus A(c,r, R) and circumradius
Ry. Then, its diameter D wverifies D < 2Rk . The equality holds for any set containing
diametrically opposite points of 0Ck .

FIGURE 3. A convex body with maximum diameter.

Proof. The inequality D < 2Ry always holds, independently of the minimal annulus.
Now, the set shown in Figure 3 has minimal annulus A(c,r, R), its circumradius is Ry
and its diameter D = 2R ; hence, there are sets for which the equality holds. O

From now on, we will denote by N and N’ the north poles of the circumferences
0Cpr and 0Ck, i.e., the intersection points of the straight line cxg with 0Cgr and 9Ck,
respectively, which lie over the line segment AB.

Theorem 2. Let K be a conver body with minimal annulus A(c,r, R) and circumradius
Ry. Then, its diameter D verifies:
R+r

el

The equality holds, for instance, for the cap-body conv{c,, A, B, N'} (see Figure 4).

5
(1) D>R+r if R< 37 and Rp <

R< —r and RKZM,
(2) D>vV3Rx  if { 5 V'3

2
—r<R<2 d > —V/R?2 —r2, 2.b
3T*R* r an RK*\/?; Rz —r (2.b)

The equality holds in both cases, for instance, for the cap-body conv{c,, A, B, N'}, when
A(ABN') is an equilateral triangle (see Figure 5).

or (2.a)

W Ut

5 2

-r<R<2 d Rg < —=+VR2%2—r2 3.
@) DrayRE 2 g | an =SS and RS (VRS or (B

2r < R. (3.b)

In (3.a), equality holds, for instance, for the cap-body conv{c,., A, B,N'}; in (3.b), for
the convex body conv{c,., A, B, Z}, where Z # A is the intersection point of 0Ck and the
circumference with center B and radius d(A, B) = 2v/ R? — 12 (see Figure 6).



RELATING THE MINIMAL ANNULUS WITH THE CIRCUMRADIUS

FIGURE 5. Sets with minimum diameter when (a) R < 5r/3, Rx >

(R+7)/v/3,and (b) 5r/3 < R < 2r, Rg > 2V R? —12//3.

FIGURE 6. Sets with minimum diameter when (a) 5r/3 < R < 2r, Ri <

2v/R%Z —72/4/3, and (b) 2r < R.

Let us note that the extremal set conv{c,, A, B, Z} for inequality (3.b) is not always a
cap-body, since the line segment AZ can have no intersection with ¢, (see Figure 6(b)).

Proof. We develop the proof in different steps: first, we see that all the inequalities hold;
then, we will show that they are optimal, determining the extremal sets.

(1) THE INEQUALITIES. Let us suppose first that R < 57/3 and Rx < (R+7)/v/3. In
[6, Proposition 3], the relation between the minimal annulus and the circumradius was
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stated. It was proved that when R < 5r/3, it always holds D > R + r, for any (possible)
value of Ry . Besides, it is well-known that if K is a convex body with circumradius R,
then D > /3Rk (see, for instance, [3, p. 84]). Hence, we can assure that

D > maX{R+r7\/§RK} =R+

since, by hypothesis, vV3Rx < R+ r. Tt gives the lower bound in inequality (1). Now, if
R < 5r/3 but Rg > (R +17)/v/3, then D > max{R+ T, \/Z;RK} = V3R, which states
the bound in (2.a).

Let us suppose now that R € [5r/3,2r] and Rk > 2v/R? —r2/+/3. Since R > 5r/3, it
is known (see [6, Proposition 3]) that D > 2v/R2 — r2. Hence,

D> max{2\/R2 2, \/§RK} — V3R,

which proves the lower bound for (2.b). If, on the contrary, Ry < 2v/R% —12/4/3, then
D > max {2V R? — 12, \/gRK} = 2V R? — r?, inequality (3.a).

Finally, let us suppose that R > 2r. Then, in particular, R > 5r/3, which assures that
D > 2V/R? —r? (see again [6, Proposition 3]). Hence, D > max{2vR? — r2, V3R }. If
V3Ry > 2v/R? — r2, using the trivial inequality R > Ry, we would get 3R? > 4(R%2—r?),
or equivalently, R < 2r, a contradiction. Therefore, the above maximum is 2v/R2% — r2,
which shows inequality (3.b).

In order to conclude the proof of the theorem, we have to show that these bounds are
best possible; i.e., we have to determine the families of extremal sets for each of them.
First, we distinguish the particular case R = Rk
(11) THE PARTICULAR CASE Rx = R. It is an easy computation to check that inequalities
(1), (2) and (3) are reduced to

1+3

(4) D>R+r if R<—>"r,
1
(5) D>vV3R it *2\/?7’7’ <R<2n

(6) D>2yVR?2—r2 if 2r<R.

There are many families of sets for which the equality holds in inequalities (4) and (5):
the well-known constant width sets verify D = R +r when R < (v/3 4 1)r/2, since
their circumcircle and incircle are always concentric, and hence determine their minimal
annulus; the so called Yamanouti sets verify D = /3R when (V3 +1)r/2 < R < 2r,
again because the circumcircle and the incircle are concentric, and determine the minimal
annulus (a Yamanouti set is the convex hull of an equilateral triangle and three circular
arcs with center on each vertex of the triangle and radius not greater than its side length).

Now, let us suppose that R > 2r. Let A = A’ and B = B’, and we consider the
circular sector ABM , where M is the intersection point of dCr and the circumference
with center B and radius d(A, B) = 2v/ R? — 2 (see Figure 7).

Clearly, the straight lines AB and BM support c¢,, and the contact points can not be
separated from { A, B, M }; hence, the set has minimal annulus A(c, r, R). Its circumradius
is R, since A, B, M determine an acute-angled triangle. Finally, since R > 2r, the point
M lies on the circular arc AN C 8Cg. Therefore, d(A, M) < d(B,M) = d(A, B), which
assures that the diameter is D = d(B, M) = d(4, B) = 2/ R? — r2.
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FIGURE 7. The extremal set for Ry = R and R > 2r.

From now on, we will assume that Rx < R, i.e., that Cx # Cg.

(111.A) THE EXTREMAL SETS FOR INEQUALITY (1). Let R, be given such that R < 5r/3.
In this case, the distance d(A’, B’) = 2/ R?2 — r2 < R+r. Letustake A= A’ and B= B,
and let us consider the circles C'4 and Cpg, both with radius R + r, and centers A and
B, respectively. Then, Jc¢, touches the circumferences dC 4 and 0Cp in the intersection
points M4, Mg of the straight lines Ac and Bc with Oc,., respectively (see Figure 8(a)).
If Rk is such that d(A,N') = d(B,N’) < R+ r (i.e., if N’ lies inside the circle Cy
—and Cp), then L = conv{c,, A, B, N'} is contained in the intersection of C'y N Cp with
the closed half-plane determined by AB (see Figure 8). Since A = A’ and B = B’, then
xo lies over the segment AB, which assures that A(AN’B) is an acute-angled triangle;
hence, L has circumradius Rx. By property (P4), its minimal annulus is A(e, r, R).

FIGURE 8. L has minimum diameter when Rx < /(R +r)3/(8r).

Let us study the diameter of these figures. Since R < 5r/3 < 2r, the line segments
N’A and N'B always intersect ¢, (the limit case corresponds to N’ = N and R = 2r);
therefore, M4, Mp € OL. It follows that D(L) = d(A,M4) = d(B,Mp) = R +r,
since we have assumed that d(A,N’) = d(B,N’) < R+ r and R < 5r/3 (which implies
d(A,B) = 2/ R? — 12 < R+ ). An easy computation shows that N’ € 9C4 N dCp if
and only if Rxg = /(R +7r)3/(8r). Thus, the above construction for the set L can be
developed only if Rx < /(R +1)3/(8r) (see Figure 8).

However, from such a value of Rx, d(A, N') = d(B,N') > R+ r, and the above con-
struction does not work. So, let us suppose that R < 5r/3 and Rx > /(R +1)3/(8r),
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which implies d(4’,B’) = 2vR?> —r2 < R+7r < d(A',N') = d(B’,N’). Let us choose
the circumcenter zy such that A = A’ and B = B’. Then, moving zy on the line czg
far away from ¢, we increase the distance d(A, B) (now A # A’, B # B’), decreasing
d(A,N'") = d(B, N’) at the same time. By continuity, there is a position of xy for which
d(A,B) =d(A,N'") =d(B,N'); i.e., such that A, B, N’ € Ck form an equilateral trian-
gle. Then, d(A, B) = d(A,N') = d(B,N') = 3Rk, and the set L = conv{c,, A, B,N'}
has circumradius Rx and minimal annulus A(c, 7, R) (see Figure 9).

FIGURE 9. (a) D(L) = R+r,if R<5r/3 and \/(R+7)3/(8") < Rx <
(R+7)/V3; (b) D(L) = V3R, if R<5r/3 and R > (R +r)/V3.

Clearly, D(L) > d(A, B). Thus, two different cases appear:
e If N € CanNCy (ie,if L C CanCg), then R+1r > d(A,B) = V3R (see
Figure 9(a)); so, D(L) = R+ r.
o If N' ¢ CANCp, then 3Ry = d(A, B) > R+, and the diameter is V3R (see
Figure 9(b)).
In short, if /(R +7)3/(87) < Rx < (R+7)/v/3, the set L = conv{c,, A, B, N’} shown
in Figure 9(a) is extremal for inequality (1); it concludes the proof of this inequality.

(111.B) THE EXTREMAL SETS FOR INEQUALITY (2). The previous argument also shows
that if R > (R +1)/V/3 (and R < 5r/3), then the analogous set L, shown in Figure
9(b), is extremal for inequality (2.a).

So, let us suppose that 5r/3 < R < 2r and Rg > 2/ R? —r2/4/3. The points A’, N’, B
determine an isosceles triangle, with side lengths

1/2
d(A',B') = 2/R2 — 12, d(A',N')=d(B,N') = {QRK (RK +/R% — R? + ¢ )] .

An easy computation shows that A(A’N’B’) is an equilateral triangle if and only if
V3R = 2V/R? — 72, and also that d(A4’,B') < d(A’,N') = d(B’,N') if and only if
V3Ry > 2v/R2? — 12, our hypothesis. Hence, d(A’, B') < d(A’,N') = d(B', N").

Let us choose again the circumcenter xg such that A = A’ and B = B’. Then,
moving xo on the line cxzq far away from ¢, we increase the distance d(A, B), decreasing
d(A,N') = d(B,N’) at the same time. By continuity, there exists a position of xg
for which d(A4,B) = d(A,N') = d(B,N’); i.e., such that A(AN’'B) is an equilateral
triangle. In this case, d(A, B) = d(A,N') = d(B,N’) = /3R, and the convex body
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L = conv{c,, A, B, N'} has circumradius Rg. Since R < 2r, the sides of the triangle
A(AN'B) intersect ¢, which implies that the contact points of L with dCg and dec,.,
respectively, can not be separated: L has minimal annulus A(c,r, R) (see Figure 10).

FIGURE 10. D(L) = V/3Rk, if 57/3 < R < 2r and Rg > 2V R% —r2//3.

The diameter of L is, either the diameter of A(AN’B), i.e., V3R, or the distance from
any vertex to a support line of the opposite circular arc of d¢,., i.e., R+r. Since 5r/3 < R,
then 2v/R2 — 72 > R +r, and from Ry > 2v/R? —r2/y/3, we obtain V3Rg > R+ r;
hence D(L) = V3R (see Figure 10). It concludes the proof of inequality (2.b).

(111.c) THE EXTREMAL SETS FOR INEQUALITY (3). Let us suppose that 57/3 < R < 2r
and Rg < 2v/R? —r2/y/3. We take A = A’ and B = B’, and let C4,Cp be the circles
with radius 2¢/R? — 12 = d(A, B) and centers A and B, respectively.

FIGURE 11. (a) conv{c,, A, B, N’} has minimum diameter if 5r/3 < R <

2r and Rx < 2v/R%Z —r2/y/3. (b) The limit case Rx = 2/ R — 12 //3.

An easy computation shows that d(A, N) = \/2R(R + r); using that R < 2r, we have
d(A,N) =d(B,N) > d(A,B) = 2/ R? — r2. Hence, 9C4 N ICp gives a point E € Ckg.
Let us note that for a value of Ry such that the point N’ verifies d(N',¢) < d(F,c), the
set L = conv{c,, A, B,N'} is the required solution (see Figure 11): its circumradius is
Rk because A, N, B do not lie on the same semi-circumference; the minimal annulus is
A(e,r, R), because IA(AN'B) N ¢, # §; finally, since L C C4 N Cp, D(L) = 2V R? — r2.

It is easy to see that d(N’,c) = d(FE,c), i.e., N' = E, only if Ry = 2v/R? — r2//3; so,
d(N',c) < d(E,c) when Ry < 2v/R? —r2/+/3, our hypothesis. It shows inequality (3.a).
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Finally, let us suppose that R > 2r, for any (possible) value of Ry . Let us take A = A’
and B = B’. From R > 2r, it follows that d(A,N) = d(B,N) < d(4,B) = 2V R? — r2.
Hence, 0C4 and 0Cp intersect in the exterior of Cr (see Figure 12), and dCp N ICg
gives a point M € ;m, such that the line segment M B supports c,. On the other hand,
there is a point Z € 9Cg N ICK lying on AM ¢ dCp (if AB is a diameter-chord of Ck,
then Z = A, as shown in Figure 12(b)).

FIGURE 12. L = conv{c,, A, B, Z} has minimum diameter if R > 2r.

The convex body L = conv{e,, A, B, Z} provides the required solution: it has cir-
cumradius Ry (A, B, Z do not lie on the same semi-circumference) and minimal annulus
A(e,r, R). Finally, since L is contained in the circular sector ABM, and contains the
center B and two points A, Z of the circular arc, its diameter is D(L) = 2v/R? — 2 (see
Figure 12). It concludes the proof of inequality (3.b), and the theorem.

Let us note that, in the last case, the set L can not be usual conv{c,, A, B, N'}, because
for certain values of R, r, Rx, the line segments AN’ and BN’ do not touch dc, (see Figure
12(b)); then, A(c,r, R) can not be the minimal annulus of the set. O

4. OPTIMIZING THE MINIMAL WIDTH AND THE INRADIUS

In this section we state the relation between the minimal annulus, the circumradius
and both, the minimal width and the inradius of a convex body K. More precisely, we
are going to obtain the best bounds (upper and lower bounds) for w and 7., when the
minimal annulus and the circumradius of the convex body are fixed, determining also
the extremal sets in each case. The results for both cases, the minimal width and the
inradius, can be proved in a similar way. So, we will state them together.

Theorem 3. Let K be a convex body with minimal annulus A(c,r, R) and circumradius
Rg. Then, its minimal width w and its inradius r,, verify

w>2r and T >T.
The equality holds for any set containing diametrically opposite points of Oc;..

Proof. In [6] it was proved that the above inequalities always hold, independently of the
value of Rk . Therefore, it suffices to show that, for any possible value of R, there exists
a convex body with minimal annulus A(c, r, R) and, for each case, minimal width w = 2r
or inradius r, = r. For instance, the set in Figure 13 verifies the required conditions. [
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FIGURE 13. A set with minimal width w = 2r and inradius r, =r.

Before stating the opposite bound, let us construct the following set: for A(c,r, R)
and Rg given, let us consider the circle Cx with radius Ry such that the straight line
AB supports ¢,. Let ¢ denote the tangent line to dc,, passing through the point A (see
Figure 14). We define the asymmetric circular wedge, denoted by K<, as the intersection
of Cx with the circular slice of Cr determined by the straight lines AB and #.

e/

FIGURE 14. Asymmetric circular wedge K <.

Theorem 4. Let K be a convex body with minimal annulus A(c,r, R) and circumradius
Ry. Then, its minimal width w verifies:

w < Rg+y/R% — R? + 12

(7) R<2r, or (7.
if R
-z |

-3
153
oy

2r <R<ry/2(2++2) and Rg <

2 _ .2
w§4T(RR4 r ) <R2—2T2+27’ /R%(_RQ_'_TQ)

® 2r < R<7r/2(24++v2) and Ry > A’
if reaer +V2) an K= 4r(R2 —2r2)’

R>1ry/2(2+V2). (8.b)

And its inradius 1, verifies

Ry — /R — R+ 12
9) TK§27'<1—7’ K K —|—r>.

.
=

RZ — 2

The equality holds, in all cases, for the asymmetric circular wedge K< (see Figure 15).
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FIGURE 15. K< has maximum minimal width and inradius.

Proof. Let us note that, if Rx = R, then inequalities (7), (8) and (9) can be written as

R—+r if R<2r, %R
< 4 d iy
w= wSR—Z(Rz—Tz) if R>2r an TK_RJr?"

respectively. In [6, Propositions 2 and 7], it was proved that these relations hold for the
minimal width and the inradius when the minimal annulus is prescribed. Thus, from now
on we can suppose that Rx < R, and hence, that Cx # Cg.

Property (ix) of Lemma 2 assures that K is contained in the intersection of Cx with
the circular slice of C'r determined by the support lines to ¢, in two suitable points of
Oc, NOK , which are separated by the line segment AB; we denote by K this kind of sets.
Besides, by property (vi) of this lemma, we know that at least one of the above support
lines intersects dC'g in a point P, lying either on the circular arc ;47, or on @; we can

suppose, for instance, that P € AA’ (see Figure 16). Therefore, w < w(K;) and r,, < Tie, s
and the problem is reduced to consider this particular family of sets.

FI1GURE 16. Reducing the problem to the sets Kj.

Following the notation of Figure 16, we represent by S, T € dCk and @ € 0Cg the
intersection points (besides P), of 0Ck and 0Cr with the straight lines determining K.

For each fixed segment PQ, both the minimal width and the inradius of K are min-
imum (respectively, 2r and r) when ST is parallel to PQ. If we move ST continuously
on J¢, in the anti-counter-clockwise, we obtain all the possible sets K7. Let us note that
the width in the orthogonal direction to PQ is given, depending on the relation between
r, R and R, by the distance, to PQ, either from the point T, or from the tangent line
to OCk, which is parallel to PQ. And this one is the direction in which the minimal
width of K is attained. Of course, the greater the angle determined by PQ and ST, the
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greater the minimal width and the inradius of K7; therefore, the set K; with maximum
width and inradius is obtained when the points P and S coincide (see Figure 17).

If we move ST in the counter-clockwise, we can conclude analogously that the set has
maximum minimal width and inradius when T = ). However, this figure has both, less
minimal width and less inradius than the previous one (when P = S). In fact, let us note
that the point P lies over the line segment A’B’, and consequently, ) lies below it; then,
d(Q,z0) < d(P,xp). Besides, the angles £(PQS) = £(TPQ) when T = Q or P = S,
because P, € OCg and the lines determining these angles support ¢,.. Therefore, the
length of the arc ;@, when T = @, is less than the length of @, if P =5, it implies
that both the minimal width and the inradius are maximized when P = S.

FicURrE 17. Reducing the problem to the sets Ks.

Let K be this last set (see Figure 17). Then, w < w(K1) <w(Kz) and re <7 <71y
Since P € 9Cg and the lines PT, P(Q support ¢, then the angle £(TPQ) is always the
same for any point P. Besides, the greater the length of the arc @, the greater

(1) the distance between PQ and its parallel line, tangent to @, and so the minimal
width,
(2) the radius of the incircle.

For fixed P, continuously moving the circumcenter xy on the straight line xgc towards c,
then the part of C'x contained in Cp is bigger; hence, the length of the arc TB increases,
and hence the minimal width and the inradius. We can do this movement till P = A.
Thus, it suffices to consider the sets K5 such that the lines determining them intersect
on A (see Figure 18, left).

Finally, it is easy to see that, since the angle in A is always the same wherever A
is placed, both the minimal width and the inradius will be maximal when A = A’ (see
Figure 18), this is, when the set is an asymmetric circular wedge K.

A tedious calculation shows that

_ JR2 _ R2 2
r 2r<1rRK e R+T>,

K< R2 — p2

which states inequality (9).

We just have to compute the minimal width of K4, which depends on the relation
between R, r and Ry . Again, N’ will denote the intersection point of the straight line
cxg and 0Ck, as shown in Figure 18.
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FIGURE 18. K4 has maximal inradius and minimal width.

If R > ry/2(2+/2), then it is easy to see that, for any possible value of Ry, the point

T lies on the circular arc N'B C 0Ck (see Figure 19, left). Hence, the minimal width is
the distance from T to the line segment AB:

4 2 .2
w(kKy) = 7T(RR4 r) (R2 — 22420 /R% — R2+ 7"2) .

Besides, if R = r4/2(2+v/2) and Rx = vR? — 72, the circumcenter z( lies on the line
segment AB, and then, T = N’ (see Figure 19, middle).

F1GURE 19. Different positions for the point T' € 0Ck.

In the case 2r < R < 71/2(2+ v/2), T = N’ only if R = R*/(4r(R? — 2r?)). Hence,
if R > R*/(4r(R? — 2r?)), then T lies again on the circular arc N’'B; on the contrary,

if R < RY/(4r(R? — 2r?)), then T € AN’, and the minimal width is the distance from
N’ to AB (see Figure 19, right):

w(Ky) = R + \/R% — R2 + 12,

Finally, if R < 2r, the point T always lies on the arc AN’, for any possible value of the
circumradius, and hence, the maximum minimal width is the distance between N’ and
the segment AB (see Figure 18, middle). O



RELATING THE MINIMAL ANNULUS WITH THE CIRCUMRADIUS 15

REFERENCES

[1] BARANY, I.: On the minimal ring containing the boundary of a convex body, Acta Sci. Math.
(Szeged) 52 (1-2) (1988), 93-100.

[2] BONNESEN, T.: Les problémes des isopérimétres et des isépiphanes, Collection de monographies
sur la théorie des fonctions, Gauthier-Villars, Paris 1929.

[3] BONNESEN, T., FENCHEL, W.: Theorie der Konvexen Kérper, Springer, Berlin 1934, 1974;
Chelsea, New York 1948.

[4] FAVARD, J.: Problémes d’extremums relatifs aux courbes convexes I, II, Ann. Ecole norm. 46
(1929), 345-369.

[5] FAVARD, J.: Sur le déficit isopérimétrique maximum dans une couronne circulaire, Mat. Tidsskr.
B (1929), 62-68.

[6] HERNANDEZ CIFRE, M. A., HERRERO, P.: Some optimization problems for the minimal annulus
of a convex set, Math. Ineq. Appl. 9 (2) (2006), 359-374.

[7] HERNANDEZ CIFRE, M. A., HERRERO, P.: Optimizing geometric measures for fixed minimal
annulus and inradius, Rev. Mat. Iberoamericana 23 (3) (2007), 953-971.

[8] KriTikos, N.: Uber konvexe Flichen und einschlieBende Kugeln, Math. Ann. 96 (1) (1927),
583-586.

[9] PERI, C.: On the minimal convex shell of a convex body, Canad. Math. Bull. 36 (4) (1993),
466-472.

[10] PERI, C.: Minimal shells containing a convex surface in Minkowski space, Manuscripta Math.
90 (3) (1996), 333-342.

[11] PERI, C., VASSALLO, S.: Minimal properties for convex annuli of plane convex curves, Arch.
Math. (Basel) 64 (3) (1995), 254—263.

[12] PERrI, C., Zucco, A.: On the minimal convex annulus of a planar convex body, Monatsh. Math.
114 (2) (1992), 125-133.

[13] YacLoMm, I. M., BoLrYyanskil, V. G.: Convex Figures, Holt, Rinehart and Winston, Russian
original, Moscow-Leningrad 1951; New York 1961.

[14] Zucco, A.: Minimal annulus of a convex body, Arch. Math. 52 (1) (1989), 92-94.

[15] Zucco, A.: Minimal shell of a typical convex body, Proc. Amer. Math. Soc. 109 (3) (1990),
797-802.

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD DE MURCIA, 30100-MURCIA, SPAIN
E-mail address: mhcifre@um.es
E-mail address: pherreroQum.es



